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Abstract. We compute lower bounds for the Morse index and nullity of 
constant mean curvature tori of revolution in the three-dimensional unit 
sphere. In particular, all such tori have index at least five, with index 
growing at least linearly with respect to the number of the surfaces' 
bulges, and the index of such tori can be arbitrarily large. 



1. Introduction 

The Morse index Ind(<S) of a constant mean curvature (CMC) closed (com- 
pact without boundary) surface S is a measure of <S's degree of instability 
with respect to area, in this sense: We define Ind(<S) as the number of nega- 
tive eigenvalues of iS's Jacobi operator £, where the function space is the C°° 
functions from S to the reals R. This is one of two different definitions used in 
the literature, the other being the weak index, equal to the maximal dimension 
of a vector space of functions given by first derivatives of volume-preserving 
variations, all of whose nonzero members come from variations that reduce 
area. Ind(S) always equals or is one greater than the weak index (pQ, |21|). 
and a CMC surface is stable exactly when the weak index is zero, implying 
Ind(<S) is then < 1. Various combinations of the two indices are possible: in 
the Euclidean 3-space M 3 , planes have both indices zero, spheres are stable 
with Morse index one, and catenoids and Enneper surfaces have both indices 
one [15| (for noncompact surfaces, definitions of the indices must be appropri- 
ately adjusted). Because the two indices differ by at most one, we choose to 
use only Ind(<S) here (like in |29p. without signifigantly weakening our results. 

The index of minimal surfaces in M 3 has been well studied, see [S], UJ, 
|17| . |19| amongst numerous papers. In the 3-dimensional unit sphere § 3 , the 
totally geodesic spheres have index 1 |25], the minimal Clifford torus has index 
5 and any other closed minimal surface has index > 6 (Urbano |29|). 

The index of CMC surfaces is generally less accessible - certainly so in the 
case of R 3 As for closed CMC surfaces in S 3 , it is perhaps known only 
that the stable CMC surfaces are precisely the round spheres 0. Also, a 
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Figure 1. Profile curves of four CMC tori of revolution, 
in totally geodesic hemispheres having the rotation axis as 
boundary, are shown. The images are stereographic projec- 
tions from § 3 to R 3 U {oo}. The outer circle is the rotation 
axis, with profile curve inside. The first curve gives a flat 
torus, the second a round sphere, the third (resp. fourth) an 
embedded unduloidal (resp. non-embedded nodoidal) torus 
with five bulges and five necks. 





Figure 2. For the last two profile curves in Figure ^ half of 
the corresponding surfaces are shown. 



straightforward computation gives the index of flat tori of revolution, which 
we do here. But an analogous result to that of 29 is not yet known for closed 
CMC surfaces in § 3 . 

Even the Morse index of closed CMC surfaces of revolution in § 3 is still 
unknown, so here we find lower bounds for the index of such surfaces. They 
come in three classes: (1) round spheres, (2) tori with two distinct axes of 
revolution, the flat CMC tori, (3) tori with only one axis of revolution, the 
non-flat CMC tori. The index in case (1) is trivial to find, and in case (2) is 
also easily found. Case (3) is more difficult, and we obtain lower bounds for 
that case. 

To state our main result, we give notations: For a non-flat CMC torus of 
revolution S, taking a totally geodesic hemisphere whose boundary is the axis 
of revolution, the hemisphere intersects S along a profile curve with an equal 
finite number of points of maximal and minimal distance from the axis 
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which we call bulges and necks, respectively. The nullity is the multiplicity of 
the zero eigenvalue of C. Wc allow that the mean curvature H can be zero. 

Theorem 1.1. Let S be a closed CMC H surface of revolution in § 3 . Then 
either 

• S is a round sphere with Morse index 1 and nullity 3, or 

• S is a flat torus, and with b equal to the greatest integer strictly less 
than \J\ + e 2arcsmh (\ H \\ the index is 3 + 2b and the nullity is either 4 
or 6, or 

• S is a non-flat torus with k bulges and k necks, and has index at least 
max(5, 2k + 1) and nullity at least 5. 

In particular, the index of CMC tori of revolution will always be at least 5, 
and can indeed be 5 (when flat and when H is or close to 0), and can also 
be arbitrarily large (when flat with \H\ large, for example). 

A key ingredient in the proof of the third part of this result is an application 
of Courant's nodal domain theorem, see also [T^j], E3> ES3 for similar appli- 
cations. The nodal domain theorem can be used to show the index > 2k — I 
by a simpler proof than the one here, but the lower bound max(5,2fc + 1) is 
much better, in light of 2?£ and the facts that the case k — 2 actually occurs 
and the case k = 1 is undetermined. When H = 0, the nullity is found in \12\ . 
Also, the first of the three items in Theorem II. II is shown in |25|. 

Furthermore, when a CMC torus of revolution in § 3 is nodoidal, or is 
unduloidal and wraps at least twice along its axis, the lower bound for the 
index can be improved as in Theorem 14. 51 in Section 0] 

2. CMC SURFACES OF REVOLUTION IN § 3 

Let S 3 = {(xi,X2,X3,X4,) £ R 4 \x 2 + x\ + x\ + x\ — 1} inherit its metric 
(•, -)g3 from the standard Euclidean 4-space R 4 . Up to rigid motions, all 
CMC surfaces of revolution in § 3 can be conformally parametrized (following 
ESI, and secondarily [IT], QU, and also [JJ], E0|, EB when H = 0) by 

S a , t (x,y) = (Re(X) , Im(^) , Re(^) , lm{X)) : A - S 3 

on the annulus A = {(x,y) e K 2 | (x,y) = (x, y + 2n)} (the symbol "=" 
denotes an equivalence relation), with 

„ ~^^fc~s+M [AC [BC\ 

\vAVCD V BC + \ACJ ' 

c_c+M [C [C 

y = , — C_S + \/ — + S-Cj-\ -s , 

vVABCD + V C + V C ' 
where A = s + te 2i ~< , B = se 2i ~< + 1, C = Aste 2l ~« + v 2 , D = ist + v 2 e 2 ^, 
M = 2stv'(l - e 447 ), and 

c± =cosh(|(a; + iy- g±)) , s± = sinh ( \ (x + iy - g±)) , 
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(1) (,s + i) 2 -4 S ism 2 7 =l/4, g± = f 

Jo 



and here 

2dg 

l 1 + (4ste ±2i 'r)- 1 v 2 (g) ' 

s G K+, t € (— s,s] \ {0}, 7 G (0, 7r/4], and w = v(x) solves the ordinary 
differential equation 

Wf = -{v 2 - 4* 2 )(« 2 - 4t 2 ) , v(0) = 2t, v' = ±v. 

We take v to be the nonconstant periodic solution with values between 2\t\ 
and 2 1 s | when |£| < s, and we take v identically equal to 2s when s = t. 

Setting p = 16s 2 t 2 sin 2 (27)v~ 2 , the metric ds 2 and Gauss curvature K and 
mean curvature H for <S Sit are 

ds 2 = p(dx 2 + dy 2 ) , K = -p^(v 2 - 16s¥V 2 ) , H = cot(2 7 ) > . 



When t s, taking r = yl — t 2 /s 2 > 0, we can write v — 2t/dn T (2sx) 
explicitly via elliptic functions, with period (i.e. v(x) = v(x + xq) Vx G M) 



xq = - 

s 



1 f 1 dg 



lo ^/{l-g 2 )(l-r 2 e 2 ) ' 

By P, we have st € (-(16 sin 2 7)- 1 , 0) U (0, (16 cos 2 7)- 1 ] . When st 
degenerates to zero, then t = and the profile curve of S s ,t intersects the 
axis of revolution of <S Sj t, resulting in a round sphere jll| . Also by when 
st =/= 0, we know that S s ,t alternates periodically between points of maximum 
distance (bulges) and minimum distance (necks) from the axis of revolution. 
In analogy to Delaunay surfaces to M 3 , we have unduloidal surfaces when 
st > and either nodoidal or unduloidal surfaces when st < 0. We get the 
minimal Clifford torus when s = t = l/(2\/2) and 7 = 7r/4, and other flat 
CMC tori of revolution when s = t and 7 < 7r/4. 

Taking p + = a/1 + 16st sin 2 7 and /x_ = y/l — I6st cos 2 7, and defining 

— 2/i_ sin 2 7 + 2//+ cos 2 7 2/x_ sin 2 7 + 2/i + cos 2 7 

+ ~ 2 + (/!_ + A t+)sin(27) ' 2 - ( M _ - M+ )sin(27) ' 

and letting r + and r_ be the distances in § 3 from the axis of revolution to 
the bulges and necks of <S s ,t, we have r + + r_ = 27. In particular, r± = 
\ — 2 arctan(X±). For st < 0, S Sy t is nodoidal exactly when r + < ir/2. 
For non-flat S Si t to close, i.e. to become well defined on a torus 

T = {{x, y) 6 M 2 I (x, y) = (x,y + 2tt) = (x + x u y)} 

for some x\ € M + , we need 

/ 2(t + .SCOs(2 7 )) / r° 8at „'( g )sin(27)d e 

aiCtan U + cos 2 7-M-sin 2 7 \Jo ^W^+S±^)^) 
to be a rational multiple of 27r. Then x\ will be a positive integer multiple of 
.t . In the flat case, S t ,t closes when x\ = 2n/ tan7. 
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3. The Jacobi operator 

Endow T with a metric ds 2 = p(dx 2 + dy 2 ) for C°° p = p(x, y) : T R + 
(in fact, p is real-analytic in our application), and let S : T — ► § 3 be an 
isometric (hence conformal) immersion with mean curvature H and Gauss 
curvature K. When H is constant, S is critical for a variation problem (pQ, 
0,0], |13j . |24| ) whose associated Jacobi operator, or stability operator, is 

£ = -A - 4 - AH 2 + 2^ , 

where A is the Laplace-Beltrami operator of ds 2 . The function space of C is 
taken to be C°° functions from T to R. As — C is elliptic and T is compact, 
it is well known (|3], 0, JH], [2Hj) that the eigenvalues are real, discrete 
with finite multiplicities, and diverge to +00. Since A, K and H are all 
independent of how the surface S(T) is parametrized, clearly the same holds 
for the following Ind(6>) and Null(«S): 

Definition 3.1. The index Ind(6>) of S is the sum of the multiplicities of the 
negative eigenvalues of C, and the nullity Null(<S) is the multiplicity of the 
zero eigenvalue of C. 

Defining C — pC, the eigenvalues of C (like for C) form a discrete sequence 

Ai < A 2 < A 3 < ... t +00 

(each considered with multiplicity 1) whose first eigenvalue Ai is simple, and 
the corresponding eigenfunctions 

01,02,03, - € C°°(T) , C(f>j=Xj^j, j = l,2,3, ... , 

can be chosen to form an orthonormal basis with respect to the standard L 2 
inner product (/, g) L 2 = J T fg dxdy for functions /, g : T — > M. 

Furthermore, Courant's nodal domain theorem applies 0, so the number 
of nodal domains of any eigenfunction associated to the eigenvalue Xj is at 
most j. 

C and C will have different eigenvalues, but Rayleigh quotient characteri- 
zations (|3], HH1) f° r the eigenvalues show that these two operators will 
give the same index. Furthermore, as the eigenfunctions associated to the 
zero eigenvalue are the same, C and C will also give the same nullity. So 
henceforth we can use either C or C In the case that S = S s j, then 

t = -d x d x - d y dy - 2v 2 - 32s 2 t 2 v~ 2 , 

with function space the C°° real- valued functions on T. Later, we also use 

C = -d x d x - 2v 2 - 32s 2 t 2 v~ 2 , 

now with domain the C°° functions from the loop 7q — {x G K | x = x + x±} 
to R. The spectrum Ai,o < A2,o < X^fl < ... f +00 of Co has all the analogous 
properties as for C, and Courant's nodal domain theorem also applies to Co- 
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4. Proof of the main results 

For a conformal immersion of a CMC H sphere S in § 3 with Laplace- 
Bcltrami operator A, the Gauss curvature is K = 1 + H 2 and the Jacobi 
operator is£ = — A — 2(1 + H 2 ). By the canonical correspondence |14|. the 
immersion of S is isometric to a conformal immersion of a sphere in R 3 of 
radius 1/VT+" H 2 , whose first two eigenvalues of A are well known to be 
and 2(1 + H 2 ), with multiplicities 1 and 3 respectively (see 5 , for example). 
This shows the first item of Thcorem ll.il 

When St,t is a flat CMC H torus as in Section |21 C = —d x d x — d y d y — 
(cos7)~ 2 with eigenvalues 

A m ,„ = m 2 + an 2 ~ 1 - a , a = (^l + H 2 - H) 2 G (0, 1] , 

for integers m,n > 0, with multiplicity 4, resp. 2, 1, when ran > 0, resp. 
m + n > and ran = 0, m — n — 0. The region 1Z = {(x,y) G R 2 | x 2 + aj/ 2 < 
1 + a, x > 0, y > 0} is bounded by two line segments and part of an ellipse 
centered about (0,0). Furthermore, 1Z contains no points of ]R 2 with integer 
coordinates, and the points (1, 1), (0, y/(l + oi)/a), (VI + a, 0) and (0,0) lie 
in its boundary. Now, by summing the multiplicities of the negative \ m ,n, we 
have the index as in the second item of Theorem ll.il The nullity is 6 when 
y(l + a) /a is an integer, as is 4 otherwise. 

The third item of Theorem II. II is shown by the following three lemmas: 

Lemma 4.1. Let S(x, y) : A — > § 3 be any conformal immersion of revolution 
with axis t\ G § 3 ; where for each yo G K, the curve c yo (x) = S(x,yo) lies in 
a unique totally geodesic sphere V ya of S 3 with l\ C V yo . By conformality, 
the angle between any V yo and V yi along l\ is yo — y\ , and for each xq G R 
the curve c xo (y) = S(xo,y) is a circle with center in l\. Let V\ = V v /2 3 

c± w /2(x). Let N be a unit normal vector to S(x,y). 

Let V% be a totally geodesic sphere perpendicular to both V\ and l\, and 
let £2 be a geodesic circle in Vi intersecting both V\ and l\ perpendicularly. 
For a Killing field JC on S 3 produced by constant- speed rotation in § 3 about 
£2, f(x,y) = (K.,N)§3 satisfies both 

• f(x,y) = u(x)smy for some function u(x) depending only on x, and 

• if the metric, mean and Gauss curvatures are p(dx 2 + dy 2 ), H and 
K, and if £ = -p(A + 4 + 4H 2 - 2K), then C(f(x, y)) is identically 
zero. 

Proof. Let us use the stereographic projection S 3 = {(yi, y<i, 2/3) \ yj G R} U 
{00}, with metric ds 2 — 4(^ 3 =1 dy 2 )/(l + J2j=iV]) 2 - (We use this model 
for § 3 only in this proof.) By a rigid motion of § 3 , we may assume £j is the 
yj-axis and Vj is the y^ya-plane for j = 1, 2. Then S can be parametrized as 

S{x,y) = (<f)(x),ip(x) cos y,±ip(x) sin y) 
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for functions tp(x) ^ and 4>(x) depending only on x. Then N is of the form 

N = (a(x), b(x) cosy, ±b(x) siny) 
for functions a(x), b(x) of x with a 2 + b 2 = (1 + <j) 2 + ip 2 ) 2 /4. So 

f = u{x)-smy, u(x) = c{bcj> - aip)(l + <f> 2 + ip 2 y 2 , c £ R \ {0} , 
and £(/) = (see Prop. 2.12 of for example, or |7] for when H = 0). □ 

Lemma 4.2. Lei <S S) f fee a non-flat CMC torus of revolution as in Section\^ 
with k bulges and associated operator £$. Then Co has eigenvalue —1 with 
multiplicity two. 

Proof. The axis of S s j is § 3 n {23 = X4 = 0}, and the point iS Sjt (0,0) £ 
§ 3 n {x2 — X3 = 0} is a bulge of 5 Sjt . Taking two Killing fields of constant- 
speed rotations of S 3 about the geodesic circles § 3 n {xj — x% — 0} for 
j = 1,2 respectively, two corresponding eigenfunctions uj(x) siny (j = 1, 2) of 
£, both with associated eigenvalue zero, are produced as in Lemma 14.11 Thus 
£o(uj(x)) = —Uj(x) for j = 1, 2. Since 5 Sj t(0, 0) is a bulge, we have ^2(0) = 
and ui(0) 7^ 0. Thus u\(x) and 1x2(2:) must be independent functions of x, 
and the eigenvalue —1 of Cq has multiplicity > 2. Because £o(v,j) = —uj is 
a linear second-order ordinary differential equation on the domain Tq, — 1 has 
multiplicity < 2, and hence exactly 2. □ 

Remark 4.3. When £> Sj t is nodoidal with k > 2 bulges, it is not difficult to 
see that u 2 in the above proof must have at least four zeros. So, by Courant's 
nodal domain theorem, Xj < —1 for j — 1, 2, 3. When S Sit is unduloidal and 
the projection of a profile curve to the axis circle has wrapping number w > 2 
about the circle, it follows that 112 must have at least 2w zeros, so A^o < — 1 
for all j < 2w — 1. 

Lemma 4.4. Let S s .t be a non-flat CMC torus of revolution with k bulges as 
in Section^ Then Ind{S St t) > max(5,2fc + 1) and Null{S s ,t) > 5. 

Proof. Recalling the v(x) in Section |3 a direct computation shows that the 
function uq(x) — v'/v is an eigenfunction of either C or Cq with eigenvalue 
zero. (Geometrically, u$ is the oriented length of the normal projection of a 
Killing field produced by constant-speed rotation of S 3 about the geodesic of 
distance 7r/2 from the axis of S s ^-) 

As uq is independent of y and has 2k nodal domains on 7o, Courant's nodal 
domain theorem implies Cq has at least 2k — 1 negative eigenvalues. 

By Lemma l4.2l we get two independent eigenfunctions Uj(x) of Co, j = 1,2, 
both with eigenvalue — 1. Thus A1.0 < — 1. Let 1*3(2;) be an eigenfunction 
of Cq with eigenvalue Ai^o- Hence U3, 113 cos y, u^smy, u\ and u 2 are five 
independent eigenfunctions of C with negative eigenvalues, so Ind(6> s .t) > 5. 
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Figure 3. Profile curves for the unduloidal surfaces A, B, 
C, D, E, F, G and H in Tabled 




Figure 4. Profile curves for the nodoidal surfaces I, J, K, L, 
M, N and in Tabled 

Furthermore, as Co has at least 2k — 1 negative eigenvalues, all with as- 
sociated eigenfunctions independent of y, this is true of C as well. And as 
«3 cos y and u% sin y are two more eigenfunctions of C with negative eigenval- 
ues, Ind(S s , t ) > 2k + 1. 

Since uq, u\ cosy, u\ sin y, 112 cosy and u-i siny are five independent eigen- 
functions of C with eigenvalue zero, Null(6> S! f) > 5. □ 

By Remark l4.3l when either S Sjt in Lemma Pni is nodoidal with k > 2 bulges 
or is unduloidal with wrapping number w > 2, we can easily strengthen the 
proof of Lemma f4. 41 to obtain: 

Theorem 4.5. Let S be a closed CMC H surface of revolution in S 3 . 

• If S is nodoidal with k > 2 bulges, then Ind(S s .t) > max(ll, 2k + 5). 

• If S is non-flat and unduloidal with wrapping number w > 2 along its 
axis, and with k bulges, then Ind(S Sit ) > max(6ui — 1,2k + Aw — 3). 

Remark 4.6. Using the methods in |22| . one can numerically compute the 
eigenvalues of Co, and thus the index of, any given non-flat torus <S s ,t, arid 
results of that are shown in Tabled (See (23 f° r more details.) 

Remark 4.7. In the proof of Lemma f4. 41 if the eigenvalue of U3 for Co were 
strictly less than — n 2 for some integer n > 2, then eigenvalues of C associated 
to U3 cos(jy) and U3 sin(jj/), for integers j < [0, n] , would be negative, allowing 
us to further strengthen the above results. However, numerical evaluation 
shows that Ai, > —2 for at least the fifteen S s ,t shown in Figures 01 and 0] 
See Table This is related to a result in JHj about the first eigenvalue of the 
Laplacian on minimal examples. 
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surf- 
ace 
Ss,t 


s 


t 


k 


w 


^1,0 


e_ 


s+ 


numerical 
value 
of 

Ind(5 S) t) 


Theorem 
^^^ s lower 
bound for 
Ind(.S s ,t) 


Theorem 
^^^s lower 
bound for 
Irrd(«S S] t) 


A 


0.4078 


0.1583 


2 


1 


-1.28 


i 


1 


6 


5 




B 


0.4392 


0.0811 


3 


1 


-1.08 


i 


3 


8 


7 




C 


0.4352 


0.0757 


4 


1 


-1.04 


i 


5 


10 


9 




D 


0.4275 


0.0796 


5 


1 


-1.02 


i 


7 


12 


11 




E 


0.4431 


0.0881 


5 


2 


-1.12 


3 


5 


16 


11 


15 


F 


0.4561 


0.0559 


7 


2 


-1.04 


3 


9 


20 


15 


19 


G 


0.4738 


0.0527 


7 


3 


-1.11 


5 


7 


24 


15 


23 


H 


0.4829 


0.0408 


9 


4 


-1.09 


7 


9 


32 


19 


31 


I 


0.5112 


-0.050 


3 


1 


-1.26 


3 


1 


12 


7 


11 


J 


0.5061 


-0.089 


3 


1 


-1.40 


3 


1 


12 


7 


11 


K 


0.5291 


-0.068 


4 


1 


-1.43 


5 


1 


18 


9 


13 


L 


0.5256 


-0.155 


4 


1 


-1.85 


5 


1 


18 


9 


13 


M 


0.5501 


-0.095 




1 


-1.60 


7 


1 


24 


11 


15 


N 


0.5199 


-0.087 


7 


2 


-1.47 


9 


3 


32 


15 


19 


O 


0.5210 


-0.051 


11 


3 


-1.30 


15 


5 


52 


23 


27 



Table 1. Numerical results on the index of the CMC non- 



flat tori of revolution shown in Figures |21 and 0] There are 
two Xjfi equal to —1, and here £>_ and B+ denote the number 
of A 3 ,o < — 1 an d the number of A^o S (—1,0) respectively, 
found numerically. By the numerical value of Ind(5 s .t) we 
mean the value of Ind(5 S! t) = 3£>- + 2 + B+ confirmed with 
numerics, but not yet proven with mathematical rigor. 
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